Using the known possibility to associate the completely positive maps with density matrices and recent results on expressing the density matrices with sets of classical probability distributions of dichotomic random variables we construct the probability representation of the completely positive maps. In this representation, any completely positive map of qudit state density matrix is identified with the set of classical coin probability distributions. Examples of the maps of qubit states are studied in detail. The evolution equation of quantum states is written in the form of the classicallike kinetic equation for probability distributions identified with qudit state. * avanesov@phystech.edu † manko@lebedev.ru
I. INTRODUCTION
important to consider the problem of the evolution of open quantum systems. The general nonunitary transformation of the quantum state is determined by completely positive map of the density matrix and can be presented in the form [25] ρ → kÂ kρÂ † k ,
whereρ is the initial density matrix of the state andÂ is an arbitrary matrix called Kraus operator [26] . The main aspects of the map (1) are widely discussed in the literature, and it is also known as quantum channel, e. g. see [27] . The notion of dynamical maps were introduced in [28, 29] . The evolution equation of open quantum systems was derived in [30, 31] .
In the case of qudit systems, the state can be reconstructed from the finite number of values of the tomographic function. For instance, we need only three real parameters to determine the state of qubit [32] . Hence, we can use three probabilities to describe the qubit state. Recently, quantum suprematism or probability representation of quantum mechanics of discrete variables systems was suggested [33] [34] [35] [36] . Initially, it was proposed for the case of qubit systems. Here, the state associated with three probability distributions based on tomographic probabilities, the quantum observable is treated as the set of classical-like variables, though the dependence between statistics of quantum observable and its classicallike variables is not straightforward [37] . Generalization to the description of qudit states in terms of the probabilities also was proposed [38] .
The goal of our approach is to present the formulation of quantum states and the state evolution equations in terms of probability distributions and stochastic (classical-like) kinetic equations. In the present paper, we are aimed to utilize the channel-state duality in the framework of the developed probability representation and thus to express the quantum operation as the set of probability distributions. Then, it is also possible to derive the stochastic equation for these probabilities that correspond to the evolution equation of quantum systems. In the present paper, we consider the unitary evolution of the qubit system.
II. QUDIT STATES IN PROBABILITY REPRESENTATION
Let us give a brief review of the main aspects of probability representation of the states of the finite-level quantum (qudit) systems. This approach is directly derived from the notion of spin tomographic function that is introduced for spin systems. In the case of spin j it has the expression w(m, n) = m|Û ( n)ρÛ † ( n)|m , where m = −j, −j + 1, ..., j is spin projection onto direction determined by the vector n, |m is eigenvector in computational basis (z-basis). The unitary matrixÛ( n) is chosen by the way thatÛ † ( n)|m is eigenvector of operator of spin projection onto direction n, that is expressed in the form n xσx +n yσy +n zσz .
Hereσ x ,σ y ,σ z are Pauli matrices. Thus, the value w(m, n) is the probability of the outcome m the measurement of spin projection onto direction of vector n.
The knowledge of tomographic function allows us to reconstruct the density matrix of the state of the quantum system. Moreover, we need only a finite number of its values. To be precisely in the case of the n-level quantum system its density matrices determined by n 2 −1 real parameters. Finally, we can present these parameters as the tomographic probabilities.
For example, in the case of qubit systems, we need only three tomographic probabilities to describe the state
In other words p 1 = w(+, x), p 2 = w(+, y), and p 3 = w(+, z). Then, the density matrix of the qubit state can be presented in the form
These probability parameters form three dichotomic probability distributions. However, they must satisfy the restriction
.
In essence, in the probability representation of the qudit systems states are described by the finite set of probability distributions. In the case of qubit systems, we use the three distributions corresponding to the measurements of spin projection onto three perpendicular directions x, y and z.
In the case of ququart systems, the probability parametrization of the density matrix can be presented in the form
Thus, we can determine the state of the quantum system as the set of 12 dichotomic probability distributions and one of the size 4. In other words, instead of density matrix we describe the ququart state as a set of probability distributions Ξ (4) = P , P i , i = 4, ..., 15 ,
As we see a bit further this representaion of ququart states will be useful in the construction of probability representation of completely positive maps of qubit systems.
III. COMPLETELY POSITIVE MAPS AND CHOI-JAMIO LKOWSKI ISOMOR-PHISM
The general linear transformation F of the quantum system states can be presented in the form
where ρ i 0 j 0 denote the elements of the density matrixρ.
If operation F preserves the hermiticity and nonnegativity of eigenvalues of the matrix transforming matrixρ, then the map F is called positive. We also can add the requirements of trace-preserving, so the matrix F [ρ] would be the density one.
By using the aforementioned requirements of preserving hermiticity and trace we can
Finally, let us recall the definition of completely positive maps. Here, in addition to the examined d-level quantum system H A , we introduce the n-level environment H E and consider the maps of the whole system H A ⊗ H E . In particular, we are interested in the maps of the form I n ⊗ F , where I n is the identical operator which acts in the space of the states of the system H E and F is the transformation of the states of the system H A . If for every n the map I n ⊗ F is positive, then the map F is a completely positive one.
Let us introduce the matrix of the form
The matrixD accordingly to [28] is called dynamical. Due to the properties of positive maps, it is hermitian one that has the trace equal to d. 
IV. PROBABILITY REPRESENTATION OF COMPLETELY POSITIVE MAPS
As it was shown, the set of d 2 − 1 probability parameters (that was contained in one vector P) determined the state of d-level quantum system. From these probabilities we can . By accomplishing this procedure, we come to probability representation of the transformation of quantum states.
Let us demonstrate the possibility of probability description of completely positive maps on the example of qubit systems.
The dynamical matrix of the completely positive map of qubit state is hermitian and its trace is equal to 2. We can utilize the parametrization of ququart state (3). We also should note that the probability parameters that determine the considered map must satisfy the
Hence, the completely positive map of qubit state is described by the vector P of 15 probability parameters or by the set of probability distributions Ξ (4) . The vector P can be obtained from the vectorized matrixD. By vectorizing we mean the procedure when we take raws of the initial matrix of size n × n and put them in one raw accordingly to their position in the matrix, then by transposition operation obtain the vector of size n 2 . In other words the product of vectorization of matrixD is vector D of the form
D ki, lj |k |i |l |j .
The probability vector P is a linear transform of vectorized dynamical matrix . For the first three entries of vector b we have
. Note, that we have the map R 16 → R 15 , that is why it is possible to use other transformation matrixÂ and vector b.
We are also able to reconstruct the dynamic matrixD from the given vector of probability parameters P. Here, it is also presented as the linear map
Nonzero elements of matrixB are B 
V. STOCHASTIC EQUATIONS
The evolution process can be described by the completely positive map that depends on the time parameter. We have shown that it is possible to use the probability distributions to describe the transformations of quantum states. In order to develop our approach, we decide to find the equation for the vector of probability parameters P. In the present paper, it is considered a unitary evolution. In the case the dynamical matrix can be expressed in the formD = U · U † , where U is vectorized unitary matrixÛ that obeys to Shrödinger equation. Then, the evolution equation for the dynamical matrixD takes the form 
whereQ =Ĥ ⊗Î 8 −Î 8 ⊗Ĥ .
Finally, we come to the description of the evolution process in terms of the probability representation. The equation for the vector of probability parameters P has the form
We should add the initial condition to the last equation so that the problem would have a unique solution. In the time moment, t = 0 the transformation matrixM is the unity matrix. Therefore, the corresponding dynamic matrixD after normalization is the density matrix of maximally entangled stateD (0) = (|0 |0 + |1 |1 )( 0| 0| + 1| 1|). Thus, we finally derive that all initial probability parameters are equal to .
VI. SUMMARY
To conclude we point out the main results of the work. We demonstrated on an example of qudits that the quantum states can be identified with probability distributions. A new aspect of this work is that we expressed the matrix elements of the evolution operator of the qudit system with given Hamiltonian in terms of probabilities and the time evolution equation for the unitary evolution of the system is presented in the form of classical-like kinetic equation (12) for these probability distributions.
The solutions of the kinetic equation are shown to provide the probability representation form of the completely positive quantum channels.
The approach developed in the paper can be extended to open system evolution and it will be done in a future publication.
